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1. Introduction 

One of the most useful results in elementary number theory is the following result of E. Lucas 

Theorem 1.1 (PQ,E. Lucas (1878)). Let p be a prime and m and n be two integers considered in the 
following way, 

m = a k p k + at-ip^ 1 + . . . + a x p + a a , 
n = bip 1 + b^p 1 - 1 + . . . + b lP + b , 
where all ai and bj are non-negative integers less than p. Then, 



m\ ( a k p k + a k -ip k 1 + . . . + aip + a \ TT f a 



max 



(fe,0 



n [h) ( m ° d p)- 



nj \ bip 1 + bi-ip 1 - 1 + . . . + bip + b J £A yfy 
Notice that the theorem is true if a% > bi for i = 0, 1, 2, . . . , max(fc, I) 

There has been many different proofs of this result in the years that followed its first publication. 
We present here an alternate approach using elementary number theoretic techniques. 

2. Proof of Theorem II. II 
First of all, we state and prove a few lemmas 
Lemma 2.1. // 

a + a x X + a 2 X 2 + . . . + a n X n = b Q + b x X + b 2 X 2 + . . . + b n X n (mod p) 

then 

ai = bi (mod p) Vi £ [[0, n)}. 

Proof. Indeed, if a + axX + a 2 X 2 H h a n X n = b + b x X + b 2 X 2 H h b n X n (mod p), then 

there exits a polynomial k(X) = ko + k\X + k 2 X 2 + • • • + k n X n at most of degree n such that 
a + a x X + a 2 X 2 + ■■■ + a n X n = b Q + b x X + b 2 X 2 + ■■■ + b n X n + p(k Q + k x X + k 2 X 2 + ■■■ + k n X n ). 

This gives a + a!X + a 2 X 2 ^ \-a n X n = b +pk + (h+pk^X + (b 2 +pk 2 )X 2 H h (b n +pk n )X n . 

Hence we get ao = bo + pko, a± = b\ + pki, a 2 = b 2 + pk 2 a n = b n + pk n . Or equivalently 
a = bo (mod p), a x = &i (mod p), a 2 = b 2 (mod p) ,• • ■ , a n = b n (mod p). 

The reciprocal implication is trivial. □ 
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Lemma 2.2. If the base p expansion of a positive integer n is, 

n = a + aip + a 2 p 2 + • • • + aip 1 

then we have 

n\ = qao\(a\p)\{a2p 2 )\ ■ • ■ (aip l )\ 

with q a natural number. 

Proof. Since the factorial of a natural number is a natural number, there exists a rational number q 
such that 

n\ 

q a Q \{axp)\(a,2P 2 )\ ■ ■ ■ {aip l )V 

Let S be the set, 

S = {xi, X 2 , ■ ■ ■ ,Xl} . 

We consider lists of elements of S where xq is repeated a times, Xi is repeated a\p times,. . ., xi is 
repeated a\p l times such that, < dj < p— 1 with i S [[0, 1]]. In such a list, there are l + l unlike groups 

/ 

of identical elements. For instance the selection xq, xo, . . . , Xq, xi, xi, . . . , x%, , x/, xi, . . . , xi 

\ a a-ip ai pi 

is such a list of n elements which contains I + 1 unlike groups of identical elements. 

The number of these lists is given by ao \( aip y^ a ™p2y — (aip l )\ • ^ P roves * na t the rational number q is 
a natural number. And, since the factorial of a natural number is non-zero (even if this number is 
because 0! = 1), we deduce that q is a non-zero natural number. □ 

Theorem 2.3. Let n = ap + b = ao + aip + a2p 2 + . . - + aip l such that < b < p— 1 and < < p— 1 
with i G [[0,/]]. Then q = l (mod p). 



Before we prove Theorem 12.31 we shall state and prove the following non-trivial lemmas. 

Lemma 2.4. The integers q and p are relatively prime. 

Proof. If < q < p, since p is prime, q and p are relatively prime. 

If q > p, let us assume that p and q are not relatively prime. It would imply that there exist 
an integer x > and a non-zero natural number q' such that q = q'p x with gcd(q',p) = 1. Since 
n\ = qaol(aip)\ . . . (ai-ip l ~ 1 )\(aip l )\ we get n\ = q'p x ao\(aip)\ . . . (ajjr)!. It follows that n\ would 
contain a factor ai +x p l+x such that q' = ai+ x q" with ai +x e — 1]]- But, ai +x p l+x > n. 

Indeed we know that 1 + p + . . . + p l = So p l+1 = 1 + (p - 1)(1 + p + ... + p l ). Then 

p l+1 > (p-l)+(p—l)p+. . .+{p-l)p l . Since < a, < p-l with i E [[0, 1}], we have < cup 1 < (p—l)p i 
with i E [[0, /]]. Therefore, p l+1 > ao + a\p + . . . + aip 1 so p l+1 > n => ai+ x p l+x > n. 

Since nl doesn't include terms like ai-^xp 1 ^ > n with a;+ K G [[^-iP — wc obtain a contradiction. 
It means that the assumption q = q'p x with x £ N* and gcd(q',p) = 1 is not correct. So, q is not 
divisible by a power of p. It results that q and p are relatively prime. □ 

We know that nl = (ap + b)\ = qao\(a\p)\ . . . (<Xip )\ with a — [^J, < Oi < p — 1 with i — 
0, 1, 2, . . . ,p — 1 and 6 = a . Let q a ,i.i,i with < i < a! < a be the natural number 

(ap + 6 — ip) ! 
9cM,:M a !((ai - i)p)\(a2P 2 )\ ■ ■ ■ [aip l )V 
In particular, we have q — q a ,i,i,o- 

Lemma 2.5. g a ,z,M+i = q a ,l,i,i (mod p). 

Proof. We have (0 < i < ai) 

'ap + b- ip\ _ q a j,\A ( (ai - i)p 



p ) q a ,i,i,i+i \ p 
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Or equivalently 



Now 



/ ap + b — ip\ ( (a\ — i)p 

Qa,Z,l,i+l I = qa.l,l.i 

p ) \ p 



ap + b — ip\ /(a — i)p + b 
P J V P 



and 



Therefore 



(ai - i)p 
P 



a — i = a± — i (mod p), 
ai — i (mod p). 



q a ,l,i,i+i(ai —i) = q a ,i,i,i( a i - (mod P)- 
Since a\ — i with i = 0, 1, 2, . . . , a± — 1 and p are relatively prime, so q a .i,i.i+i = qa,i.i,i (mod p). □ 

Notice that g a ,!,i,ai corresponds to the case where a\ = 0, (ao+a2p 2 +- ■ .+aip l )\ = q a ,i,i,a 1 aol(a2p 2 y. ■ ■ ■ (aip l )\. 

Lemma 2.6. For n = ap + b = a^)P k + b^ with < b^ < p k — 1 and defining (1 < k < I and 
< i < a k ) 

_ (a(k)P k + fr(fc) -ip k )\ 

a ' ' a l(aip)\ . . . ((ak - i)p k )\ . . . (aip l )\ 
with Ofc > 1, (where it is understood that when a and I appears together as the two first labels of 
one q...., it implies that a is given by a — a(i) = (a±a2 ■ ■ -a;)p = oi + &2P + • • • + o-iP l ) we have 
(0<i< a k ) 

r a(k)P k + b(k) - ip k \ _ q a ,i.k.i f (ak ~ i)p ks 
p k J q a ,i.k,i+i V p k 

Additionally, q a ,i,k,i = q a ,l,k,i+l (mod p). 

In particular for k = 0, we have (0 < i < ao), 

, qa,i.o,i , .s 

ap + b = (ao — i) 

qa, l, 0,i+l 

with ao > X. 

We can prove this lemma by the following a similar reasoning as earlier and hence we omit it here. 
Notice that q = q a .i,k,o- And q a .i,k,a k corresponds to the case where a k = 0. Also 

q a -i,l,k,0 = Qa,l,i,i = q a ,is,i+i (mod p), 
with < i < a\ and a\ > 1. So, since q a ,i,k,j = qa,i,k,j+i (mod p) with < j < a k , we have 

q a -i,l,k,j = q a -i,Lk,0 = qa,Ll,i = q a A,l,0 (mod p) and q a -i,l,k,0 — q a -i,l,l : = <Za-i,MJ = qa-iA,l, ai = 

q a -i,l-i,k,o (mod p). 

So q a -i,Lk : o = q a ~i : i-i,k,o = ■•■ = q a -i,Lkfi = qa-i,i,i,o = qa,is,i = q a A,ifi (mod p). Or q a -i,i,k,o — 
q a ,i,i,i = q a ,i,i,o = q a A,k,a (mod p). 

Finally we have q = q a ,Lkfi = <?a,ia,o (mod p). 

Lemma 2.7. We have also the congruence (aip l )\ = ai\p ai ^ 1+p+ --- +p ) (mod p). 

Proof. We proceed by induction on i. 

Indeed, we have (a\p)\ = \p ■ 2p - ■ ■ (a\ — l)p ■ a\p (mod p). So (a\p)\ = a\\p ai (mod p). 
It follows that (a 2 p 2 )l = ((a 2 p)p)l = (a 2 p)\p a2P = a 2 \p a2 p a2P (modp). So (a 2 p 2 )\ = a 2 \p a2(1+p) (modp). 
Let us assume that (aip l )\ = ai\p ai ^ 1+p+ '" +p ^ (mod p). 

We have (a t+1 p l+1 )l = ((ai+tp^p)] = (a l+1 p l )\p a >+ lP ' = a%+1 \p^+i^+P+-+P^ 1 ) p ^+ip' ( mo d p). 
Thus (a l+l p l+1 )\ = a l+1 \p a *+ l( - 1+p+ - +pt ~ 1+p ^ (mod p). 

Hence the result follows. □ 

We now prove Theorem 
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Proof. If ai = for i G [[1, i]], then n = Oq and we have n! = qa^l with q = 1. So, if <ij = for 
* G [[1,1]], q= 1 (modp). 

Let consider the case where ai = for all i > 1, then n = ao + a\p and we have n\ — qao\{aip)\. 
Then 

i ao— 1 

Tl. t — r 

qa l = 7 — = (ao + aip)(ao + Oip - 1) . . . (aip + 1) = (dip + a -r). 

(aipy- *J- a 

Since < ao — r < oq for r e [[0, ao — 1]], we obtain 



ao — 1 a 

aa ! = (a - r) = r = a ! (mod p). 

r— r— 1 

Since ao! and p are relatively prime, we have q = 1 (mod p). 

Since q = q a .i,k,o = Qa,l,i,o (mod p), we conclude that q = 1 (mod p) whatever n is. □ 
We come back to the proof of Theorem 11.11 

Proof. Let to, n be two positive integers whose base p expansion with p a prime, are 

m = a Q + aip + . . . + a k p k , 

and 

n = b Q + bip + . . . + bip 1 , 

such that to > n. We assume that > hi with i = 0, 1, 2, ... , max(fc, I). We denote a = [yj and 
b = L^-J ■ Since a, > &i with i = 0,1,2,..., max(fc, I), we have a > b. We define 



Vax(S:,I) 

and 

b 



if fc < I 
a/c if fc > I 



bi if fc < I 

maxffe,/) - <i q if k>l 



In particular if max(/c,Z) = k, 6j = for i > Z and if max(k,l) = I, a% = for i > k. Since m > n, 
max(/c, Z) = /c. So, we have a max (fc./) = a k and 6 max (fc./) = 6^ with bk = when I < k. 
Using these 

ml = qa,k,i,oaal{aip)\ . . . (a k p h )l, 
n\ = qb,Li,ab l(bip)\ . . . (bip l )\, 

and 

(to - n)\ = q a -h,M,o(ao _ M ! (( a l ~ b\)p)\ ■ ■ ■ {{a k - b k )p k )\. 

We have 

q a ,k,i,o ( a \ ( aip\ ( a max(/M) p max(M) 



nj qb,i,i,oq a -b,k,i,o \boJ \biPj ' ' ' \b max ( k ,i)P m ^ {k ' l) 
Rearranging 

'a \ / aip\ ( a max(/M )p max(M 



Since q a ,k,i,o = %,i,i,o = q a -b,k,i,a = 1 (mod p), we get 

fa \ fa lP \ /a max(M) p max ( fe >')\ 

Notice that if for some i, ai =0, then bi — since we assume that Oi > bi and bi > 0. In such a case 

(tf) = 0l) = L 

We assume that a.; > 1. For k G [[l,aip l — 1]] and for i G [[0, max(fc, I)]] with 1 < < — 1, 
( a f ) = (mod p) 
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Therefore for a, = 1 we have 



(1 + x f =J2 ( \ U* = 1 + xpt (mod p), 

fe=o ^ ' 



and for any at 6 [[1,P* — 1]] 

(l + a;) aiP< = ((l + xfY* = (1 + (mod p). 

Now comparing 



(i + = £ 7 



and 



we get by taking fc = &jp* and I = h, 



ctip 1 \ _ fa, 
hp') ~\b, 



Finally we have 

'm\ = /a Wai\ / a max(jM) 

n) ~ \b J \6i/ ' ' ' V & max(fc,Z) 



(mod p). 

(mod p). 
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